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By =ward Widmayer, Jr . , and James R. Reese 

Studies were made of the fluid aynamics of some different-s-ed 
fuel t a r k s  in  a horizontal flight attituds and *going pitching 
oscilhtions of a f e w  degrees. The moment of inertia of the fluid was  
determined for  the various tanks over a range of tank fullne136 from 
empty t o  full. For the  tank-full case, comparisons of the experimental 
mment of iner t ia  of the fluid with some theoretical solutions for the 
mment of inertia of fluid in tasks ha- e U p t i c  and rectangular 

values for the e U p t i c  and rectangular tanks and offer engineering 
approximations of the fluid moment of inertia for some tanks of other 
shapes. It w a s  found that tihe ratio of thie fluid fner t ia  t o  the BoUd 
inertia far a given tank fullness increased a6 the  tank flnene136 ra t io  
increased. However, for a given tank the ratio of the f lu id  inertla 
to  the so- inertia for the same fullness was essentially constant over 
a large range of tenlr fullnessee and had approximately the value indi- 
cated f o r  the tank-full condition. 

P sectiona  indicate that the  theoretical  solutione  predict the experimental 

* 

The studies of the  effective fluid damping revealed that, f o r  the 
case of oscillations resulting from a s t e p  release,  there was  little 
ming during the first few cycles  before sloshing developed, and after 
sloshing developed the appment dampin@; became nonlinear. For the 
forced osc"tions the &anping factor vas substantially Wger  than 
that far a  step-release  oscillation for the same initial amplitude and 
tended t o  fncrease with increasing  frequency and amplitude. 

For some atrplmes the  quantity of fuel carried in wLng-mounted - tanks comprises a k g e  percentage of the total mass of the wing. It 
has become evident that the sloshing of these Wge ma66es of fuel m e ~ r  
cause m e a n t  dynamic effects. ~n a recent  paper (ref. 1) the case - 

q n l  - - .. - 
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of  model tanks mounted on a wing undergoing translation following instan- 
taneous release has been treated. It was shown that a ftlirly compli- 
cated  physical  process  takes  place and that the  effective mass and 
damping depend s h a r p l y  on the nuaiber of cycles  after the start of the 
motion. The present  study deals with  the moment of inertia and damping 
of large tanks un-ing pitching  osciuStions with amplitudes of a 
few degrees. The aynamic effects of the -1 f o r  this case axe of sig- 
nificance, for example, fn the flutter phenomenon, and are particularly 
important in those  cases where the  susceptibiltty of a wing td f lu t t e r  
i s  c r i t f ca l ly  dependent on the wing bending-torsion frequency ratio. 

Some of the tank shapes and the dynamic system used are shown i n  
ffgure 1. The shapes were as follows : tank A, an actual L85-gallon 
t i p  tank with baffles; tank B, a 58-gal3.011 circular C y l f n d e r ;  and 
tank C, a 230-gaUon tank  wlth 8 square proffle. These tanks were 
oscillated about a transverse axis 88 shown in figure 1. In addition, 
a 1/3-scale model of tank B was oscillated as shown here and also about 
the  cylfndrical axis in which configuration it Ku3 be referred t o  as 
tank D. With the  exception of the round profile, the tanks were munted 
in a simple spring-inertia dymmic system shown here. This syatem could 
be caused to oscil late by a step release from an initial angular d i s -  
placement o r  could be oscillated at a constant  mplitude by supplyhg 
energy  through a weak spring. The decqylng oscllletions  resulting from 
a step  release were investigated at various ifegrees of tank nillness  for 
all tank shapes. Further studies were made on the 185-gallon tank 
OscilLating at a constant amplitude. The effective  inertia of the 
fluid was obtained from a knowledge of the stmness and measured natural 
frequency of the system. A measure of the energy Ctissipation was  obtained 
from a study of the ra te  of decay of the oscillation f o r  the  case of the 
step  release and from the mrk required to mafntsin a constant amplitude 
of oscillation, 88 obtained *am a moment-dispkcement diagram. 

A convenient place  to begin the study of the lner t ia  of fluids as a 
function of tank Azl lness is the tank-full condition.  Theoretical solu- 
tions for the fluid Inertia for  the tank-full condition have been given 
in  reference 2 f o r  the two-dimensional e l l i p t i c  tank and are given by 
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mere a b  is  the  ratio of the major axis t o  the e r  axis, ~m is 
the f luid inertia about the f lu id  centroid, and I,,U& is the solid 
inertia about the fluid centroid. This relation is represented 3.r.1 fig- 
ure 2 as the lower solid curve, &, notably enough, the sane curve also 
holds for the  ellipsoid of revolution. This work has been  extended in 
reference 3 t o  the case of arbi t rary two-dimensional tank  shapes. In 
reference 3, it has been shown that there is 8 direct analogy between 
the torsional modulue for sol= sections and the f luid fnertia of Full 
t&nks which i e  given by 

c where the 1's axe as defined in equation (l), Jp is the tors iona l  
modulus for  the  solid  section, and p is the mass density of the fluid. 
The case of a full tank of rectangular  section is &own by the upper 
solid curve of figure 2. The following observationa m a ~ r  be made from 
these  curves: For low fineness ratios, mch as for a round or square 
tank (wbich has a fineness  ratio of 11, there i s  little or  no trans- 
mitted mnnent of inertia and the f lu id  moment of iner t ia  is laT as com- 
pared w i t h  the solid inertia; however, a0 the fineness ratio becomes 
large,  the inertia ra t io  tends tarard unity and, meover ,   the  differ- 
ences due t o  tanlr shape become small as shown by the convergence of the 
curves.  Several experimental points corresponding to the shapes inves- 
tigated are shown In figure 2. Eote the  excellent agreement with theory 
for the  square shape C and for the round shape D. The experimentally 
determined moment-of-inertia. ra t ios  far ~hapes A and E have been plotted 
a t  their  fineness ratios which are defined as the maxim length t o  the 
maximum thiclmess. It msy be seen that far these shapes the  results f a l l  
near the theoretical curves although the theoretical  curves are for rec- 
tangular and elliptic shapes. This agreement between the experimental 
and theoretical fluid inertias even when there i s  some deviation in tank 
shape suggests 

noted, help Fn 
full task. 

L estimating the 

- 

that the theoretical  solutions Offer a good basis for 
fluid inertia of a new tank configuration and, &B w i l l  be 
the e s tba t ion  of the inertia results f o r  the  partially 
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Some  experimental  results  for the partially ~LLU tank  are  presented 
in  figure 3. The  ratio of the  effective  fluid  inertia  to  the  solid  inertia 
for  the same amount of  fluid is shown  as a function  of  tank  fullness.  The 
full-tank  condition f o r  the  various  shapes  shown  here  is  the same as  that 
shown in figure 2. AS before,  the  effect  of tank shape on the  inertia 
ratio may be  seen;  as  the  fineness  ratio  is  increased,  the  inertia  ratio 
for a given  tank  fullness  is  increased.  Note  that,  for a wide  variation 
in  tank  fullness  of from 10 to 100 percent,  the  inertia  ratio  varies  but 
little.  In  order  to  illustrate the effect of frequency on the  data,  tank A, 
the  185-gallon tank, was tested  over R range of frequencies  from 2 to 8 
cycles  per  second.  The  resulting  variation  is  shown  in  the  top  curve of 
figure 3 by  the  shaded  area. In order to indicate  the  effect  of  size, 
the  1/3-scale  model. of tank B was tested  over a considerable  frequency 
range.  The  results  which  are  independent  of  frequency  over  the  range 
tested  are  given by the  dashed  line  (fig. 3)  and indicate  the  effect 
of size  on  the  moment of inertia may not  be  important. In light of the 
small  variation of the  curves with tank  fullness,  the  results  shown for 
the  full-tank  condition  take on added  significance  because  it  appears 
that  the  inertia  ratio  for any tank fullness may be  estimated for 
engineering  purposes  if  the  ratio of the  fluid  inertia  to  the  solid 
inertia  can  be  determined  either  experimentally  or  analytically. 

- 
.. 

In  the  study  of  damping,  it was found, 8s  in  reference I, that 8 
complicated  physical  process  takes  place  which  leads  to  wide  changes  in 
the  damping  with  time  history,  that  is,  with  the  number of cycles.  Fairly 
complicated  wave  motions  exist  in  the tank, even  for small oscillations, 
and  give  rise to the  possibility of a conservative  transfer  of  energy 
from pitching  motion  of  the  system  to  wave  motion of the  fuel and subse- 
quently  back  to  pitching  motion;  thus,  the  ordinary  inference  of  damping 
drawn from the  ratio of successive  peak  amplitudes  of  decaying  oscilla- 
tions of the  tank  must  be  modified. In order  to  illustrate  this  phenome- 
non, a "standard-type"  semilogarithmic  plot  of  amplitude  against  number 
of  cycles  for  the  partially full 185-ga1.1011  tank  as  obtained from a step 
release is given In figure 4. During  the  first  few  cycles  after  release, 
before  sloshing has developed,  the  rate  of  decay  is small and indicates 
that  there  is  little  &pparent wing. As SlO6hing  develops,  the  curve 
becomes  increasingly  steep  as  energy is being  both  dissipated and trans- 
ferred t o  other  modes  of  fuel mtion. After  considerable  decrease fn 
the  amplitude,  the  curve  reverses its slope  and  indicates  that  energy 
is being  fed  back  into  pltching  motion.  It was worthy of note  that  this 
second peak was not known to  become  nearly  as  large  as  the  initial  ampli- 
tude.  In  view  of  the  nonlinear  nature  of  the  effective  damping  it would 
appear  that,  when  it  is  necessary  to  treat  the  damping  analytically, some 
averaged  value  for the desired  conditions  must  be  used. 

- 
\ 

In figure 5 is  shown  the  variation of the  damping  factor  with  tank 
fullness.  The  data  in  the  upper  two  curves  are  for  forced  oscillations 
at a constant  tip  amplitude  of 0.8 inch.  The lower curve  is  obtained 



f r ~ m  the first few cycles 8,f'ter release f rom an initial  tip  amplitude of 

line  shown in figure 4. For the upper  curves  in  the  case of steady  oscil- 
lations,  where  it  is  assumed that the  violent sloshing action has become 
statistically  independent of tim, a =ked  difference Fn the  size of 
the damping factor f r o m  tha,t pertaining to the s t e p  release  (the  lower 
curve) m ~ y r  be noted. The two upper  curves  shown far the  forced-oscillation 
case  differ in the  range of frequencies  covered and thus indicate an 
effect of frequency.  For a given percent-full condith, the frequency 
of the upper  points  is  approximately 1.6 times the frequency of the lower 
points and the dmqFng factor at the higher frequency is  consistently 
larger than at the lower frequency.  It is seen  that  the  damping  factor 
becoEs small at the extremes of tank fullness and that  the maximum 
values tend to occur at the midd le  of t h e  curve. It, was also noted in 
the  course of this vork that the damping factor m b i t e d  a tendency to 
increase  as  the  amglitude of oscillation was increased. 

- 0.8 inch  before the full Sloshing has developed,  that is, f r o m  the solid 

- 

Before c-, it n q y  be  appropriate to consider  briefly  the 
effects  of  viscosity.  With  respect  to the fluid inertia, viscosity 
muld enter  primarily in the  thiclmess of the boundmy layer  formed on 
the  container w a l l s  and would tend to make  the  fluid in the boundary 
layer fully effective in contzibuting  to  the system inertia. In refer- 
ence 2, it is sham that for periodic mtion the  thickness  of the 

c boundary layer is given  by 

There h is the boundary-layer thickness, y is  the  kinematic  coeffi- 
cient  of  viscosity,  and w is  the  circular frequency. With  water  as  the 
fluid and the frequencies of these  experiments,  the  boundary-leyer  thick- 
ness was shown  not to exceed 0.028 inch and, consequently, may be con- 
sidered  negligible. With respect  to  the  influence on the  damping  char- 
acteristics,  it mag be remarked  that  the  studies of reference lhave 
indicated that, within tfie viscositgr  range of current-type fuels, no 
influence of viscosity could be detected  far  the  case of a tank under- 
going translation. Although no bta are  available  for  the  pitching  case, 
it is felt that, in the range of turbulent damping, the  &amping  is rela- 
tively  unaffected by viscosity. 

In conclusion, it may be said that these  studies  fndicated that 
some hope exists for engineering approxhations of the effective-mass 



moment of iner t ia  of fluids i n  wing-supported tanks by using as a con- 
venient basis the  tank-full  condition. For the range  investigated, thc 
tank size, frequency, and amplitude of oscil lation were found t o  haw 
little influence on the  effective  inertia. With regard t o  the damping 
action of the fluid, it was  found that the  step-release type of  motion 
contributes l i t t l e  to  the damping of the Gystem during the  initirrl stwcs 
of the  oscil lation and that, after the  establishmcnt of s lo shhg ,  thc 
apparent damping  becomes nonlinear. For a forced  oscillation, it w a s  
noted that  considerable damping w a s  present  over a rangc of tank full-  
nesses and that  the damping action appeared to  be a function of the 
frequency and amplitude. 

Langley Aeronautical Laboratory, 
National Advisory Committee f o r  Aeronautics, 

Langley Field, Va. 
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230-GAL SQUARE TANK 

Figure 1. 

EFFECT OF FINENESS RATIO 
ON INERTIA OF FULL TANKS 
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Figure 2 .  
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EFFECT OF TANK FULLNESS ON INERTIA 
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Figure 3 .  
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Figure 4. 
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EFFECT OF TANK FULLNESS ON DAMPING FACTOR 
185-GAL TANK; TIP AMPLITUDE, .8 IN. 
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Figure 5. 
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